While the partition function for QCD in a magnetic field H has been calculated before within chiral perturbation theory up to two-loop order, our investigation relies on an alternative representation for the Bose functions which allows for a clear-cut expansion of thermodynamic quantities in the chiral limit. We first focus on the pion-pion interaction in the pressure and show that -depending on magnetic field strength, temperature and pion mass -it may be attractive or repulsive. We then analyze the thermodynamic properties in the chiral limit and provide explicit two-loop representations for the pressure in the weak magnetic field limit |qH| ≪ T 2 .
Introduction
The low-energy properties of quantum chromodynamics (QCD) can be understood on the basis of its relevant low-energy degrees of freedom: the Goldstone bosons. This is the path pursued by chiral perturbation theory (CHPT) and indeed, the lowtemperature properties of QCD in a magnetic field have been explored within CHPT in many studies up to two-loop order [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Other approaches to finite temperature QCD in magnetic fields include lattice QCD [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , Nambu-Jona-Lasinio modelbased studies [26] [27] [28] [29] [30] [31] [32] [33] , and other techniques . Yet more references can be found in the review Ref. [61] .
properly derived, and has provided the correct series in Ref. [62] . The analysis was based on an alternative representation for the Bose functions which was the key to derive the proper series in a transparent manner. Relying on this coordinate space representation, here we take the analysis up to the two-loop level. This does not merely correspond to rederiving or rephrasing known results for QCD in magnetic fields in an alternative framework. Rather, our analysis goes beyond the literature by (i) analyzing how the nature of the pion-pion interaction in the pressure -repulsive or attractive -is affected by the magnetic field, as well as temperature and pion mass, and (ii) by providing the low-temperature series for the pressure in weak magnetic fields (|qH| ≪ T 2 ) in the chiral limit.
In terms of the dressed pions at zero temperature, the low-temperature expansion of the pressure in a magnetic field takes a remarkably simple form. Non-interacting pions yield the well-known T 4 -contribution, while interaction effects enter at order T 6 . In the chiral limit (M → 0) -irrespective of whether or not the magnetic field is present -the two-loop interaction contribution vanishes. In the case M = 0, the pionpion interaction in the pressure is mostly attractive, but may become repulsive at low temperatures as the magnetic field strength grows. In general, sign and magnitude of the interaction depend on the actual values of temperature, magnetic field, and pion masses in a nontrivial way, as we illustrate in various figures.
In the chiral limit, the low-temperature expansion of the pressure in a weak magnetic field H is dominated by terms involving ǫ 3/2 , ǫ 2 log ǫ and ǫ 2 , where ǫ = |qH|/T 2 is the relevant expansion parameter and q is the electric charge of the pion.
The article is organized as follows. The evaluation of the QCD partition function in a magnetic field up to two-loop order within chiral perturbation theory is presented in Sec. 2. The nature of the pion-pion interaction in the pressure -attractive or repulsive -is analyzed in Sec. 3 . We then focus in Sec. 4 on the thermodynamic properties in the chiral limit and provide the weak magnetic field expansion of the pressure to arbitrary order in ǫ = |qH|/T 2 . Finally, in Sec. 5 we conclude. While details on the two-loop CHPT evaluation are discussed in Appendix A, the rather technical analysis of the pressure in weak magnetic fields in the chiral limit is presented in Appendix B. The effective pion fields π i (x) appear in the SU(2) matrix U(x),
where τ i are Pauli matrices and F represents the pion decay constant at tree level. The leading piece in the effective Lagrangian is of momentum order p 2 and takes the form
Here M is the pion mass at tree level . The magnetic field H enters via the covariant derivative
where Q is the charge matrix of the quarks, Q = diag(2/3, −1/3)e. The gauge field A EM µ = (0, 0, −Hx 1 , 0) contains the (constant) magnetic field [61] .
In the present analysis, we also need higher-order pieces of the effective Lagrangian, namely L 4 ef f and L 6 ef f . The explicit structure is given, e.g., in Refs. [65, 66] . The relevant Feynman diagrams for the partition function up to two-loop order p 6 are shown in Fig. 1 . The lines represent thermal propagators which either correspond to the charged pions or the neutral pion. In fact, the dimensionally regularized zero-temperature propagator ∆ 0 (x) for the neutral pion in Euclidean space takes the familiar form
On the other hand, the dimensionally regularized zero-temperature propagator ∆ ± (x) for the charged pions does involve the magnetic field. In Euclidean space, as derived in Ref. [62] , it amounts to In either case -for neutral and charged pions -the thermal propagators are obtained by the summing over zero-temperature propagators as
In the evaluation of the partition function diagrams displayed in Fig. 1 , as we will see, thermal propagators only have to be considered at the origin x=0. It is furthermore advantageous to isolate the zero-temperature pieces ∆ ± and ∆ 0 in the thermal propagators via
The quantities g ± 1 (M, T, H) and g 1 (M, T, 0) are kinematical functions that describe the purely finite-temperature part. They are embedded in the more general class of Bose functions defined by
where S(z) is the Jacobi theta function. Note that g r (M, T, 0) does not involve the magnetic field. In order to facilitate the subsequent analysis, in the Bose functions g ± r (M, T, H) for the charged pions, we extract the H=0 part as
where solelỹ
contains the magnetic field. These two types of kinematical functions -g r (M, T, H) and g r (M, T, 0) -constitute the basic building blocks in our analysis. The decomposition of the thermal propagators into T =0 and finite-T pieces then results in
As a low-energy effective field theory, chiral perturbation theory describes QCD in the regime where quark masses as small, magnetic fields are weak and temperatures are low: the quantities M, H and T ought to be small compared to the QCD scale Λ QCD ≈ 1 GeV . While ratios between these parameters in principle can have any value, in the present analysis, the limits M/T → 0 (chiral limit at fixed temperature) and |qH| ≪ T 2 (weak magnetic field limit) are of particular interest.
Free Energy Density up to Order p 6
The one-loop free energy density (order p 4 ) -in coordinate space representation -has been derived in Ref. [62] . The final renormalized expression reads
The zero-temperature part z [4] 0 is 1
Modulo factors of γ 3 /32π 2 , δ 1 /32π 2 , and δ 2 /32π 2 , the quantities l 3 , h 1 , and h 2 represent the running effective coupling constants evaluated at the renormalization scale µ = M π (M π ≈ 140 MeV ) -details can be found, e.g., in Ref. [67] .
At the two-loop level (order p 6 ) the three partition function diagrams 6A−C have to be evaluated -this is done in appendix A. In terms of the tree-level pion mass M, the outcome is
where the integral K 1 is defined in Eq. (A.5). Since we are interested in the behavior of the system at finite temperature, the explicit structure of the T =0 contribution z is not needed here.
Let us have a closer look at the terms linear in g 1 andg 1 . First notice that the kinematical functions g 1 andg 1 are related to g 0 andg 0 through
In presence of a magnetic field, the mass of a charged pion (M ± π ) is different from the mass of a neutral pion (M 0 π ). In order to determine these masses, we express the kinematical functions g 0 andg 0 in terms of M ± π and M 0 π -instead of M. Since only the charged pions are tied tog r 2 , we can writẽ
whereǫ 1 measures the mass square differencẽ
Comparing with the third line of Eq. (2.15), we identifyǫ 1 as
(2.19)
As for g r -where all three pions are involved according to Eq. (2.12) -we must distinguish between the respective pieces: for the charged pions we write
while for the neutral pion we have
The quantity ǫ 1 measures the mass square difference
and can be identified as
As a result, we can read off how the pion masses are affected by the magnetic field,
Note that M π is the pion mass in zero magnetic field given by
(2.25)
The mass relations (2.24) indeed coincide with those obtained by Andersen in Ref. [10] -see Eqs. (3.8)-(3.10) -in the zero-temperature limit. It should be pointed out that we consider the pion masses at zero temperature, while in Ref. [10] finite temperature effects are included as well. As it turns out, to have a clear definition of interaction effects in the thermodynamic quantities, we must consider the pion masses at T =0, i.e., dress the pions at zero temperature according to Eq. (2.24).
The result for the total two-loop free energy density simplifies considerably if we now express the kinematical functions g 0 andg 0 in the one-loop contribution -Eq. (2.13) -by the masses M ± π and M 0 π rather than by M. Using Eqs. (2.17), (2.20), and (2.21), we obtain
where z 0 is the zero-temperature piece. The crucial point is that all terms linear in g 1 (M, T, 0) andg 1 (M, T, H) have been absorbed into mass renormalization:
In particular, the effect of the pion-pion interaction at finite temperature is solely contained in the terms quadratic in the kinematical functions. It should be noted that the difference between M 2 π , Eq. (2.25), and the tree-level mass M 2 -at the order we are considering -is irrelevant in the coefficients accompanying the terms quadratic in the kinematical functions, such that it is legitimate write M 2 π .
While the evaluation of the two-loop free energy density in Refs. [9, 10] is based on a momentum-space representation for the kinematical functions, here we have used an alternative representation based on coordinate space. The advantage is that the latter approach allows for a clear-cut expansion of thermodynamic quantities in the chiral limit as we demonstrate below.
Pressure: Nature of Pion-Pion Interaction
We now explore the manifestation of the pion-pion interaction in the pressure which we derive from the two-loop free energy density as
To make temperature powers in the pressure manifest, we replace the Bose functions g r andg r by the dimensionless kinematical functions h r andh r according to
and obtain the low-temperature expansion of the pressure as
The dimensionless parameters t, m, and m H ,
measure temperature, pion mass M π , Eq.(2.25), and magnetic field strength with respect to the scale 4πF ≈ Λ QCD , i.e., with respect to the renormalization group invariant scale Λ QCD ≈ 1GeV . In the domain where chiral perturbation theory operates, these parameters are small: more concretely, in the plots below, we will restrict ourselves to the parameter region t, m, m H 0.3. For the pion masses we use M π = 140 MeV and, following Ref. [68] , for the pion decay constant we get F = 85.6 MeV . Finally, according to Ref. [65] , for the combination of NLO lowenergy constants as it appears in the charged pion masses, we take l 6 − l 5 = 2.64.
The T 4 -contribution in the low-temperature series for the pressure corresponds to the non-interacting pion gas, while the pion-pion interaction emerges at order T 6 . Recall that the Bose functions h 0 and h 1 do not involve the magnetic field: the effect of the magnetic field is embedded in the Bose functionsh 0 andh 1 . In the chiral limit (M → 0), the coefficient p 2 (t, m, m H ) tends to zero: the pion-pion interaction only starts manifesting itself at the three-loop level, as is well-known for the case H = 0 (see, e.g., Ref. [67] ). However, for M = 0, the interaction term is present and -depending on the actual values of the parameters t, m and m H -the pion-pion interaction in the pressure may result attractive or repulsive, as we now illustrate.
To get a more quantitative picture, let us consider the dimensionless ratio
that measures magnitude and sign of the pion-pion interaction relative to the noninteracting pion gas contribution. In Fig. 2 we depict this ratio for the four temperatures t = {0.05, 0.1, 0.15, 0.2}, or equivalently, T = {53.8, 108, 161, 215} MeV .
In the limit M → 0, irrespective of absence or presence of the magnetic field, the two-loop interaction contribution vanishes. In the other limit H → 0, the interaction in the pressure always is attractive, irrespective of the actual values of the (nonzero) pion masses and temperature. When the magnetic field is switched on, the attractive pion-pion interaction becomes weaker, but only at low temperatures and stronger magnetic fields does the pion-pion interaction become repulsive. Overall, the interaction in the pressure is quite small, at most around one percent compared to the leading free Bose gas contribution.
The case of interest corresponding to the physical value of the pion masses -M π = 140 MeV , i.e., m = 0.130 3 -is depicted in Fig. 3 where we plot the dimensionless two-loop contribution p 2 (t, m, m H ) T 2 as a function of temperature and magnetic field strength. As the figure suggests, the interaction is purely attractive in the parameter domain t, m H ≤ 0.25. As the strength of the magnetic field grows, the attractive interaction gradually becomes weaker. Note that the maximal values for the parameters t and m H correspond to T ≈ 269 MeV and |qH| ≈ 269 MeV , respectively. In other words, we are already in a region where temperature and magnetic field strength are no longer small compared to the underlying scale Λ QCD and the low-temperature expansion starts to break down.
Pressure in Weak Magnetic Fields in the Chiral Limit
The objective of Ref. [62] was to provide the correct low-temperature series for the one-loop quark condensate in weak magnetic fields in the chiral limit. The corresponding analysis involved the kinematical functiong 1 . Regarding the pressure, the one-loop contribution involves the kinematical functiong 0 . In appendix B, we derive the expansion of this function in weak magnetic fields in the chiral limit, following analogous strategies as forg 1 . Based on these results, we now discuss the structure of the weak magnetic field expansion of the pressure in the chiral limit up to two-loop order which is new to the best of our knowledge.
In the chiral limit, as stated previously, the pion-pion interaction in the pressure starts showing up only at three-loop order which is beyond the scope of our investigation. The low-temperature series for the pressure in the chiral limit is hence fixed by the Bose contribution of order T 4 that contains the kinematical functiong 0 . With the weak magnetic field expansion forg 0 , Eq. (B.27), the low-temperature series for the pressure in weak magnetic fields and in the chiral limit takes the form
where the relevant expansion parameter ǫ ≪ 1 is
The quantities The series is dominated by a term involving the half-integer power (|qH|/T 2 ) 3/2 , a logarithmic term |qH| 2 /T 4 log |qH|/T 2 and two terms quadratic in the magnetic field. If no magnetic field is present, the series reduces to the well-known pion gas contribution 
Conclusions
Within chiral perturbation theory -based on a coordinate space representation for the thermal propagators -we have analyzed the impact of the magnetic field on the partition function up to the two-loop level. Using the dressed pion masses at zero temperature, we have shown that the pion-pion interaction in the pressure may be attractive, repulsive, or zero. The respective sign of the two-loop interaction contribution is controlled by the strength of the magnetic field, as well as temperature and pion mass. In the chiral limit, the interaction is purely attractive at two-loop order, and gradually becomes weaker as the strength of the magnetic field increases.
We then have provided the low-temperature expansion of the pressure in weak magnetic fields in the chiral limit. The dominant terms in the series are proportional to (|qH|/T 2 ) 3/2 , |qH 2 |/T 4 log |qH|/T 2 and |qH 2 |/T 4 .
The question arises whether three-loop corrections in the thermodynamic quantities -i.e., order-p 8 effects -are large compared to the two-loop results discussed here. While the corresponding three-loop analysis referring to zero magnetic field has been provided in Refs. [67, 69] , a three-loop analysis for QCD in presence of a magnetic field, based on chiral perturbation theory, has never been attempted to the best of our knowledge. Work in this direction, relying on the coordinate space representation, is currently in progress.
A Free Energy Density at Two Loops
In this appendix we derive the order-p 6 contribution to the free energy density, originating from diagrams 6A-C of Fig. 1 . The two-loop diagram yields
where the thermal propagators G ± 1 for the charged pions and G 0 1 for the neutral pion are defined in Eq. (2.8). The result for the one-loop graph 6B,
involves various NLO effective constants l i that require renormalization (see below). The explicit structure of the tree-level contribution z 6C is not required here, because we are interested in the properties of the system at finite temperature.
In the decomposition of thermal propagators,
the kinematical functions are finite in the limit d → 4. The zero-temperature propagators ∆ ± (0) and ∆ 0 (0), however, become singular and take the form
The integral K 1 and the parameter λ are
Gathering results, the unrenormalized free energy density at order p 6 amounts to
The first two terms are quadratic in the kinematical functions and are finite as d approaches the physical dimension d=4. Considering the terms linear in g 1 andg 1 ,
using the standard convention for the renormalized NLO effective constants l i ,
we arrive at
Notice that the above expressions are perfectly finite: all divergences in Eq. (A.7) have been canceled. Finally, the zero-temperature divergences contained in z 6A + z 6B -displayed in the last two lines of Eq. (A.6) -will be canceled by counterterms from the next-to-next-to-leading order Lagrangian L 6 ef f contained in the zero-temperature contribution z 6C .
B Kinematical Functions in Weak Magnetic Fields
In this appendix we provide the low-temperature representations for the kinematical functions in weak magnetic fields. From the very beginning we operate in the chiral limit. The relevant functions in the free energy density are g 0 (0, T, 0) , g 1 (0, T, 0) , (B.1) that do not involve the magnetic field, and g 0 (0, T, H),g 1 (0, T, H) ,
that do depend on the magnetic field. The low-temperature analysis for the former functions in the chiral limit has been given a long time ago in Ref. [67] ,
The latter two functions are defined as
The evaluation ofg 1 (0, T, H) in weak magnetic fields has been established in Ref. [62] with the result
The expansion parameter ǫ measures the ratio between magnetic field strength and temperature,
By definition, in the weak magnetic field limit |qH| ≪ T 2 , this parameter is small.
What remains to be done is the analogous expansion forg 0 (0, T, H). According to Ref. [62] , the representation (B.4) can be cast into the form
where the respective integrals are defined as
For r=0 and d → 4, the integral in the first line of Eq. (B.9), much like the integral I A , are well-defined. Following Ref. [62] , the integral I B is split up into two terms,
For r=0 and d → 4 we obtain
Note that the power √ ǫ in I B1 is explicit, whereas ǫ appears in the integrand of I B2 , as well as in the integrand in the first line of Eq. (B.9) and in I A of Eq. (B.10), as argument of the hyperbolic sine function. We thus Taylor expand these pieces into
such that ǫ-powers in all these integrals become explicit. The first few coefficients c p in the above series are The last piece in the analysis ofg 0 (0, T, H) in weak magnetic fields is I C defined in Eq. (B.10). This integral for r=0, however, cannot be processed in the manner outlined in Ref. [62] which indeed worked for the case r=1 4 . Instead, we decompose the integral I C
in an alternative way as
where N ≫ 1. Redefining integration variables, we obtain
The N-dependence cancels in the sum I C1 (N) + I C2 (N), and we are left with
In the second contribution, the power ǫ is explicit. In the first contribution where ǫ appears in the upper integration limit, we Taylor expand the integrand, and then integrate term by term. The final result for I C can be cast into the form
where the B 2n are Bernoulli numbers and the quantitiesĴ andÎ are defined aŝ
Note that the structure of the ǫ-expansion of I C is now manifest.
Collecting individual contributions, after some algebra, and with the help of the identity 2 π
the expansion of the kinematical functiong 0 (0, T, H) in weak magnetic fields and in the chiral limit takes the form
The numerical values of the first five coefficients b p (p ≥ 2) are given in Table 1 . More explicitly, the series can be written as To check convergence properties of the above series forg 0 (0, T, H) in the weak magnetic field limit |qH| ≪ T 2 , let us compare the first few terms in the ǫ-expansion with the exact result Eq. (B.4). The first column in Table 2 displays the exact result, while the second column just takes into account the leading term in the series (B.27) proportional to ǫ 3/2 . The third column furthermore incorporates the ǫ 2 log ǫcontribution and the fourth column finally extends up to the ǫ 2 -term. One observes that a very good approximation is achieved by just including the first three terms: the series (B.27) converges quite rapidly.
Finally it should be noted that the order T 4 -contribution in the pressure, i.e., the coefficient p 1 in Eq. Table 2 : Exact result and leading terms in the series (B.27) for the kinematical functiong 0 in the limit |qH| ≪ T 2 . We use the notation where −3.50963233726 − 4 stands for −3.50963233726 × 10 −4 , etc.
contains the kinematical functions h 0 (M ± π , T, 0) andh 0 (M ± π , T, H) which, in the chiral limit, reduce to We hence have additional terms in the weak magnetic field expansion of the pressure in the chiral limit, which contain the NLO low-energy constants l 5 and l 6 .
